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Abstract. Marden's Tameness Conjecture predicts that every 
hyperbolic 3-manifold with finitely generated fundamental group 
is homeomorphic to the interior of a compact 3-manifold. It was 
recently established by Agol and Calegari-Gabai. We will survey 
the history of work on this conjecture and discuss its many appli- 
cations. 



1. Introduction 

In a seminal paper, published in the Annals of Mathematics in 
1974, Al Marden [65] conjectured that every hyperbolic 3-manifold with 
finitely generated fundamental group is homeomorphic to the interior of 
a compact 3-manifold. This conjecture evolved into one of the central 
conjectures in the theory of hyperbolic 3-manifolds. For example, Mar- 
den's Tameness Conjecture implies Ahlfors' Measure Conjecture (which 
we will discuss later). It is a crucial piece in the recently completed 
classification of hyperbolic 3-manifolds with finitely generated funda- 
mental group. It also has important applications to geometry and dy- 
namics of hyperbolic 3-manifolds and gives important group-theoretic 
information about fundamental groups of hyperbolic 3-manifolds. 

There is a long history of partial results in the direction of Marden's 
Tameness Conjecture and it was recently completely established by 
Agol [1J and Calegari-Gabai [27]. In this brief expository paper, we 
will survey the history of these results and discuss some of the most 
important applications. 

Outline of paper: In section 2, we recall basic definitions from the 
theory of hyperbolic 3-manifolds. In section 3, we construct a 3- 
manifold with finitely generated fundamental group which is not home- 
omorphic to the interior of a compact 3-manifold. In section 4, we 
discuss some of the historical background for Marden's Conjecture and 
introduce the conjecture. In section 5, we introduce Thurston's notion 
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of geometric tameness, which turns out to be equivalent to topolog- 
ical tameness. In section 6, we sketch the history of partial results 
on the conjecture. In section 7, we give geometric applications of the 
Tameness Theorem, including Ahlfors' Measure Conjecture, spectral 
theory of hyperbolic 3-manifolds and volumes of closed hyperbolic 3- 
manifolds. In section 8, we discuss group-theoretic applications, in- 
cluding applications to the finitely generated intersection property and 
separability properties of subgroups of Kleinian groups. In section 9, 
we discuss Simon's conjecture that the interior of a cover with finitely 
generated fundamental group of a compact irreducible 3-manifold is 
topologically tame and give Long and Reid's proof of Simon's conjec- 
ture from Simon's work and the Tameness Theorem. In section 10, 
we explain the role of the Tameness Theorem in the classification of 
hyperbolic 3-manifolds with finitely generated fundamental group. In 
section 11, we discuss applications to the deformation theory of hyper- 
bolic 3-manifolds. 

Acknowledgements: I would like to thank Darren Long and Alan 
Reid for kindly allowing me to include their proof of Simon's Conjecture 
from the Tameness Theorem and to thank Alan Reid for allowing me to 
include his proof of Theorem 18 .71 I would like to thank Yair Minsky and 
Alan Reid for helpful comments on earlier versions of this manuscript. 
Finally, I would like to thank the organizers for their patience and for 
an enjoyable and informative conference. 

2. Basic Definitions 

A (complete) hyperbolic 3-manifold is a complete Riemannian 3- 
manifold with constant sectional curvature -1. Throughout this pa- 
per we will assume that all manifolds are orientable. Any hy- 
perbolic 3-manifold may be obtained as the quotient N = H 3 /r where 
T is a group of orientation-preserving isometries acting properly dis- 
continuously on H 3 . The group T is called a Kleinian group. (More 
generally, a Kleinian group is a discrete subgroup of Isom + (H 3 ). In 
this paper, all Kleinian groups will be assumed to be torsion-free, so 
that their quotient is a hyperbolic 3-manifold.) 

The group Isom + (H 3 ) of orientation-preserving isometries of H 3 is 
naturally identified with the group PSL2(C) of Mobius transformations 
of the Riemann sphere C, which we regard as the boundary at infinity 
of H 3 . So, if N = H 3 /r, then T acts also as a group of conformal 
automorphisms of C. We divide C up into the domain of discontinuity 
fi(r) which is the largest open subset of C on which T acts properly 
discontinuously, and its complement, A(r), which is called the limit set. 
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Since T acts properly discontinuously on fl(T), the quotient d c (N) = 
fl{T)/T is a Riemann surface, called the conformal boundary. One may 
naturally append d c (N) to N to obtain a 3-manifold with boundary 

n = n u d c (N) = (h 3 u fi(r))/r. 

Of course, the nicest possible situation is that this bordification N 
gives a compactification of N, and N will be called convex cocompact if 
N is compact. More generally, N is said to be geometrically finite if N 
is homeomorphic toM-P where M is a compact 3-manifold and P is a 
finite collection of disjoint annuli and tori in DM. (These definitions are 
non-classical, see Marden [65] and Bowditch [13] for a discussion of their 
equivalence to more standard definitions.) If F contains no parabolic 
elements, equivalently if every homotopically non-trivial simple closed 
curve in N is homotopic to a closed geodesic, then N is said to have 
no cusps. If N has no cusps, then it is geometrically finite if and only 
if it is convex cocompact. If N — M. 3 /T is geometrically finite, we will 
also say that the associated Kleinian group T is geometrically finite. 

We will say that a 3-manifold is topologically tame if it is homeo- 
morphic to the interior of a compact 3-manifold. It is clear from the 
definition we gave of geometric finiteness, that geometrically finite hy- 
perbolic 3-manifolds are topologically tame. 

If N is a hyperbolic 3-manifold, then its convex core C(N) is the 
smallest convex submanifold C of N such that the inclusion of C into 
N is a homotopy equivalence. More concretely, C(N) is the quotient 
CH(A(T))/T of the convex hull of the limit set. Except in the special 
case where A(T) is contained in a circle in the Riemann sphere, the 
convex core C(N) is homeomorphic to N. In particular, iV is convex 
cocompact if and only if its convex core is compact. 

Thurston [101] showed that the boundary of the convex core is a 
hyperbolic surface, in its intrinsic metric. There is a strong relation- 
ship between the geometry of the boundary of the convex core and 
the geometry of the conformal boundary. We recall that the confor- 
mal boundary admits a unique hyperbolic metric in its conformal class, 
called the Poincare metric. Sullivan showed that there exists a constant 
K such that if N has finitely generated, freely indecomposable funda- 
mental group, then there exists a i^-bilipschitz map between dC(N) 
and d c (N). Epstein and Marden [UJ gave a careful proof of this result 
and showed that K < 82.8. More complicated analogues of Sullivan's 
result are known to hold when the fundamental group of iV is not freely 
indecomposable, see Bridgeman- Canary [T7] . 
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3. TOPOLOGICALLY WILD MANIFOLDS 

In order to appreciate Marden's Tameness Conjecture we will sketch 
a construction of a 3-manifold with finitely generated fundamental 
group which is not topologically tame. 

Whitehead |106j gave an example of a simply connected (in fact, 
contractible) 3-manifold which is not homeomorphic to the interior of 
a ball. One may use Whitehead's construction to give examples of 3- 
manifolds with non-trivial finitely generated fundamental group which 
are not topologically tame. Scott and Tucker [H2] give an interesting 
collection of examples of topologically wild 3-manifolds with a variety 
of properties. 

The following example is essentially drawn from Tucker |104j . White- 
head's example is given as a nested union of solid tori. The fundamental 
group of our example will be the free group of rank two and will be 
obtained as a nested union of handlebodies of genus 2. 

Let H denote a handlebody of genus 2 and let g : H — > H be an 
embedding of H into the interior of H such that 

(1) g* : iti(H) — > ti~i(H) is the identity map, 

(2) dH and g{dH) are both incompressible in H — g(H) (i.e. the in- 
clusions induce injections of 7Ti(dH) and 7Ti(g(dH)) into ni(H — 

9(H))) 

(3) iii(g(dH)) and 7ii(dH) give rise to proper subgroups of ni(H — 

9(H))- 
Let B = H -g(H). 

We then construct a manifold by letting H = H and H^ = |J H n 
where the pair (H n , H n _i) is homeomorphic to (H, g(H)) for all n > 1. 
More concretely, we could define H n = H n _i U B where we think of 
dH n _\ as the copy of dH in the (n — l) st copy of B and identify dH 
with g(dH) by the map g. Notice that H n is a handlebody for all n. 

The inclusion of Hq into H^ is a homotopy equivalence, since the in- 
clusion of i? n -i into H n is a homotopy equivalence for all n. Therefore, 
tti^Hoq) is the free group on two generators. Note also that each H n is 
a compact core for H^. However, one can repeatedly apply the Seifert- 
Van Kampen theorem to show that H^ — H has infinitely generated 
fundamental group. It then follows that H^ is not topologically tame, 
since the complement of a compact submanifold of a topologically tame 
3-manifold must have finitely generated fundamental group. 

To check that tt^Hoo — Hq) is infinitely generated, we observe that 
7Ti(H n - H ) = 7Ti(iif n _i - H ) * 7T1 (dH) ^i(B) and that ni{dH) injects 
into both factors. Moreover, tt\ (dH) is also a proper subgroup of each 
factor. It follows that ni(H n _i — H ) injects into Tt\(H n — H ) and that 
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its image is a proper subgroup. If — H had finitely generated fun- 
damental group, then its generators would have representatives lying 
in H n _i — H for some n which would contradict the previous sentence. 
Alternatively, one could note that 

7Tl(#oo - Hq) = ^l(B) *- K1 {dH) TTl(-B) *7Ti(9ff) Kl{B) * 7T1 (dH) ' " ' 

and use properties of amalgamated free products to check that this 
group is infinitely generated. 

Tucker [104] showed that one can always detect that an irreducible 
3-manifold is topologically wild by considering the fundamental group 
of the complement of a compact submanifold. 

Theorem 3.1. (Tucker [104] ) An irreducible 3-manifold M (without 
boundary) is not topologically tame if and only if there exists a compact 
submanifold C of M such that 7i"i(M — C) is infinitely generated. 

4. Prehistory and the conjecture 

Hyperbolic 2-manifolds with finitely generated fundamental group 
are well-known to be geometrically finite. For many years, it was 
unclear whether the analogous statement was true for hyperbolic 3- 
manifolds. In 1966, Leon Greenberg [48] established the existence 
of hyperbolic 3-manifolds with finitely generated fundamental group 
which are not geometrically finite. Troels J0rgensen [57] was the first 
to explicitly exhibit geometrically infinite hyperbolic 3-manifolds with 
finitely generated fundamental group. 

One early piece of evidence for Marden's Tameness Conjecture was 
provided by Ahlfors' Finiteness Theorem [5] which asserts that if V 
is finitely generated, then d c (N) is a finite collection of finite type 
Riemann surfaces. Alternatively, one could say that the conformal 
boundary has finite area in its Poincare metric. 

On the topological side, Peter Scott [89] showed that any 3-manifold 
M with finitely generated fundamental group contains a compact core, 
i.e. a compact submanifold C such that the inclusion of C into M 
induces an isomorphism from vr 1 (C7) to 7Ti(M). If M is a hyperbolic 
3-manifold, or more generally if M is irreducible, one may assume that 
the inclusion of C into M is a homotopy equivalence. This implies, 
in particular, that finitely generated 3-manifold groups are actually 
finitely presented. It follows from work of McCullough, Miller and 
Swarup [71] that if M is irreducible and topologically tame, then it is 
homeomorphic to the interior of its compact core. 

In 1974, Al Marden published a long paper [65] which was the first 
papers to bring to bear the classical results of 3-manifold topology on 
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the study of hyperbolic 3-manifolds. Previously, most of the work on 
hyperbolic 3-manifolds, was done by considering the actions of their 
fundamental groups on the Riemann sphere. In the appendix of this 
paper, Marden asked two prescient questions which we will rephrase in 
our language. 

Marden's first question: If N is a hyperbolic 3-manifold with finitely 
generated fundamental group, is N topologically tame? 

Marden's second question: Is there a necessary and sufficient con- 
dition which guarantees that a compact 3-manifold M is hyperbolizable? 
(A compact manifold is hyperbolizable if there admits a complete hy- 
perbolic metric on the interior of M.) 

The first question became known as Marden's Tameness Conjecture, 
while the second question foreshadows Thurston's Geometrization Con- 
jecture. In particular, Thurston's Geometrization Conjecture predicted 
that a compact 3-manifold is hyperbolizable if it is irreducible, atoroidal 
and its fundamental group is not virtually abelian. We recall that a 
compact 3-manifold M is irreducible if every embedded 2-sphere bounds 
a ball and is called atoroidal if tt\ (M) does not contain a free abelian 
subgroup of rank two. Thurston established his hyperbolization conjec- 
ture whenever M is Haken, e.g. whenever M has non-empty boundary. 
See Morgan [76] or Kapovich (58] for extensive discussions of Thurston's 
Hyperbolization Theorem. Perelman [M| 185] recently gave a proof of 
Thurston's entire Geometrization Conjecture. (See Kleiner-Lott [65] . 
Morgan-Tian [77] and Cao-Zhu [38] for expositions of Perelman's work.) 

5. Geometric tameness 

In Thurston's work on the Geometrization Conjecture he developed 
a notion called geometric tameness. His definition only worked in the 
setting of hyperbolic 3-manifolds with freely indecomposable funda- 
mental group. We will give a definition of geometric tameness, first 
introduced in [29], which works in a more general setting. 

In order to motivate the definition we will consider a specific example 
of a geometrically infinite manifold. Thurston [1U2] showed that any 
atoroidal 3-manifold which fibers over the circle, whose fundamental 
group is not virtually abelian, is hyperbolizable. (Thurston was in- 
spired by J0rgensen's example [57] which was the cover of a hyperbolic 
3-manifold which fibers over the circle.) Let M be a closed hyperbolic 
3-manifold which fibers over the circle with fiber the closed surface S 
and let M be the regular cover associated to tti(S). The fibered man- 
ifold M is obtained from S x [0, 1] by gluing S x {0} to S x {1} by a 
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homeomorphism (p : S — > S and the manifold M is obtained from in- 
finitely many copies of S X [0, 1] stacked one on top of the other. So, M 
is homeomorphic to S x R and the group of covering transformations is 
generated by (p : S xR — s> SxR where <p(x, t) = (ip(x),t + l). One sees 
that the ends of M grow linearly, which is surprising for a hyperbolic 
manifold. In particular, if one considers a minimal surface in M in the 
homotopy class of S, its pre-image in M is an infinite family of surfaces 
exiting both ends of M. The key property of these surfaces is that they 
have curvature < —1. Thurston realized that the existence of such a 
family of surfaces was both widespread and quite useful. 

In our definition of geometric tameness, we will make use of simplicial 
hyperbolic surfaces. We will give a careful definition of a simplicial 
hyperbolic surface / : S — >■ N, but we first note that the key issue 
is that the induced metric on S has curvature < —1 (in the sense of 
Alexandrov.) Thurston [lOlj originally made use of pleated surfaces, 
Minsky [72] showed that one can use harmonic maps, Bonahon [12] 
pioneered the use of simplicial hyperbolic surfaces, Calegari and Gabai 
[2"7] used shrinkwrapped surfaces and Soma [51] used ruled wrappings 
(which are a simplicial analogue of shrinkwrapped surfaces.) 

A map / : S — > N is a simplicial hyperbolic surface if there exists a 
triangulation T of S such that / maps faces of T to totally geodesic 
immersed triangles in N and the total angle of the triangles about any 
vertex adds up to at least 2n. We note that we allow our triangulations 
to have the property that vertices and edges of faces may be identified. 
For example, one can obtain a triangulation of a torus with two faces 
by adding the diagonal to the usual square gluing diagram. Simplicial 
hyperbolic surfaces share many useful properties with actual hyperbolic 
surfaces. For example, their area is bounded above by 27r|x(S')| and the 
diameter of each component of their "thick part" is uniformly bounded. 

Let A be a hyperbolic 3-manifold with finitely generated fundamen- 
tal group. For the purposes of simplifying the definition we will assume 
that N has no cusps. Let C be a compact core for N. The ends of iV 
may be identified with the components of iV — C. For our purposes, 
a neighborhood U of an end E is a subset of E such that E — U has 
compact closure. We will say that an end is geometrically finite if it 
has a neighborhood disjoint from the convex core. We say that an end 
is simply degenerate if it has a neighborhood U which is homeomorphic 
to S X (0, oo) for some closed surface S and there exists a sequence 
{f n : S —¥ U} of simplicial hyperbolic surfaces, such that 

(1) given any compact subset K of N, f n (S) fl K is empty for all 
but finitely many n, and 
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(2) for all n, f n is homotopic, within U, to the map hi : S — > U 
given by hi(x) = (x, 1). 

A hyperbolic 3-manifold with finitely generated fundamental group is 
said to be geometrically tame if each of its ends is either geometrically 
finite or simply degenerate. 

It is not difficult to show that any geometrically finite end has a 
neighborhood homeomorphic to S X (0, oo) for some closed surface S. 
Therefore, one easily observes that geometrically tame hyperbolic 3- 
manifolds are topologically tame. Thurston originally gave a much 
weaker definition of geometric tameness in the setting of hyperbolic 
3-manifolds with freely indecomposable fundamental group. In this 
setting, Thurston |lUlj was able to show that his weaker definition of 
geometric tameness implied topological tameness and in fact implied 
the definition given here. 

6. History 

In this section, we will give a brief history of the partial results on 
Marden's Tameness Conjecture leading up to its final solution. Many of 
these results involved looking at limits of geometrically finite or topo- 
logically tame hyperbolic 3-manifolds. Readers who are not interested 
in the historical development may prefer to skip ahead to the next 
section. 

There are two types of convergence, algebraic and geometric, which 
play a prominent role in the theory of hyperbolic 3-manifolds. A se- 
quence {p n : G — > P§L 2 (C)} of discrete faithful representations is said 
to converge algebraically to p : G — > PSL 2 (C) if it converges in the 
compact-open topology on Hom(G, PSL 2 (C)). If G is not virtually 
abelian (i.e. does not contain a finite index abelian subgroup), then 
p is also discrete and faithful (see Chuckrow [ID] and J0rgensen |56j.) 
A sequence of Kleinian groups {F n } is said to converge geometrically 
to a Kleinian group F if every 7 6 F arises as a limit of a sequence 
{7„ G r n } and every limit of a sequence of elements {~in k } in a 
subsequence {r„ fc } of {F n } lies in F. We say that a sequence of hy- 
perbolic 3-manifolds {N n } converges geometrically to iV if one may 
write N n = H 3 /r n and N = H 3 /T so that {F n } converges geometri- 
cally to T. This implies, see [33] or [9], that {N n } converges in the 
sense of Gromov to N, i.e. "larger and larger" subsets of N n look 
"increasingly like" large subsets of iV (as n goes to 00.) A sequence 
{p n : G — > P§L 2 (C)} of discrete faithful representations is said to con- 
verge strongly to p : G — > PSL 2 (C) it it converges algebraically and 
{p n (G)} converges geometrically to p{G). 



MARDEN'S TAMENESS CONJECTURE 



Thurston [10 lj proved the following theorem concerning limits of 
geometrically finite hyperbolic 3-manifolds with freely indecomposable 
fundamental group. He used his theorem in the proof of his geometriza- 
tion theorem. 

Theorem 6.1. (Thurston jilOlJ ) Let G be a finitely generated, torsion- 
free, freely indecomposable, non-abelian group. If {p n : G — > P§L 2 (C)} 
is a sequence of discrete, faithful, geometrically tame representations 
converging algebraically to p : G — >■ P§>L 2 (C) such that p n (g) is para- 
bolic for some n if and only if p(g) is parabolic, then {p n } converges 
strongly to p and p(G) is geometrically tame. 

In a breakthrough paper, Bonahon [12] proved that all hyperbolic 3- 
manifolds with freely indecomposable, finitely generated fundamental 
group are geometrically tame, and hence topologically tame. 

Theorem 6.2. (Bonahon[12j) If N is a hyperbolic 3-manifold with 
finitely generated, freely indecomposable group then N is geometrically 
tame. 

Canary [29J used Bonahon's work to show that topological tameness 
and geometric tameness are equivalent notions. 

Theorem 6.3. (Canary [29]) Let N be a hyperbolic 3-manifold with 
finitely generated fundamental group. Then, N is topologically tame if 
and only if N is geometrically tame. 

Canary-Minsky [22] and Ohshika [HI] showed that, in the absence 
of cusps, strong limits of topologically tame hyperbolic 3-manifolds are 
themselves topologically tame. In order to more easily state this result, 
we define a representation p : G — > PSL 2 (C) to be purely hyperbolic if 
p{G) contains no parabolic elements. 

Theorem 6.4. (Canary-Minsky [36j,0hshika[81j) Let G be a finitely 
generated, torsion-free, non-abelian group. If {p n : G — > PSL 2 (C)} is a 
sequence of discrete, faithful, topologically tame, purely hyperbolic rep- 
resentations converging strongly to a purely hyperbolic representation 
p : G — > P8L 2 (C), then p(G) is topologically tame. 

By applying results of Anderson- Canary [5] or Ohshika JHJJ one can 
often guarantee that when both the approximates and the limit in 
an algebraically convergent sequence are purely hyperbolic, then the 
sequence converges strongly. 

Corollary 6.5. Let G be a finitely generated, torsion-free, non-abelian 
group. If {p n : G — > PSL 2 (C)} is a sequence of discrete, faithful, 
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topologically tame, purely hyperbolic representations converging alge- 
braically to a purely hyperbolic representation p : G — > PSL 2 (C) such 
that either A(p(G)) = C or G is not a free product of surface groups, 
then p(G) is topologically tame. 

Evans [H] was able to significantly weaken the assumption that the 
representations are purely hyperbolic. 

Theorem 6.6. (EvansJH]) Let G be a finitely generated, torsion-free, 
non-abelian group. If {p n : G — > P§L.2(C)} is a sequence of discrete, 
faithful, topologically tame representations converging algebraically to 
p:G^ P§L 2 (C) such that 

(1) either A(p(G)) = C or G is not a free product of surface groups, 
and 

(2) if g G G and p(g) is parabolic, then p n (g) is parabolic for all n, 
then p(G) is topologically tame. 

Juan Souto [96] showed that if N can be exhausted by compact 
cores then it is topologically tame. (In fact, he proves somewhat more, 
but we will just state the simpler version.) Kleineidam and Souto [62] 
used Souto's result to show that if a Masur domain lamination on a 
boundary component is not realizable, then the corresponding end is 
tame (see [62] for definitions). Souto's work was quite influential in the 
later solutions of Marden's Tameness Conjecture. 

Theorem 6.7. (Souto[96]) If N is a hyperbolic 3-manifold with finitely 
generated fundamental group and N = [j d where C{ is a compact core 
for N and G{ C C; + i for all i, then N is topologically tame 

Brock, Bromberg, Evans and Souto [19] were able to show that 
"most" algebraic limits of geometrically finite hyperbolic 3-manifolds 
are topologically tame. 

Theorem 6.8. (Brock-Bromberg-Evans-Souto [19]) Let G be a finitely 
generated, torsion-free, non-abelian group. If {p n : G — > PS>L 2 (C)} 
is a sequence of discrete, faithful, geometrically finite representations 
converging algebraically to p : G — > PSL 2 (C) such that either 

(1) A(p(G)) = C, 

(2) G is not a free product of surface groups, or 

(3) {p n (G)} converges geometrically to p{G), 
then p{G) is topologically tame. 

Brock and Souto [23] were able to resolve the remaining cases to 
prove that all algebraic limits of geometrically finite hyperbolic 3- 
manifolds are topologically tame. 
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Theorem 6.9. (Brock-Soutoj23]) Let G be a finitely generated, torsion- 
free, non-abelian group. If {p n : G — > P§L 2 (C)} is a sequence of 
discrete, faithful, geometrically finite representations converging alge- 
braically to p : G —¥ PSL 2 (C) ; then p(G) is topologically tame. 

In 2004, Ian Agol and the team of Danny Calegari and David Gabai 
announced proofs of Marden's Tameness Conjecture. 

Tameness Theorem: (AgoI[lj .Calegari-Gabai [2"T]) If N is a hyper- 
bolic 3-manifold with finitely generated fundamental group, then N is 
topologically tame. 

Soma [M] later simplified the proof by combining ideas of Agol and 
Calegari-Gabai. Bowditch [TJ] also gives an account of the result using 
ideas of Agol, Calegari-Gabai and Soma. He also describes how to 
generalize the proof for manifolds of pinched negative curvature and 
uses it to prove an analogue of Ahlfors' Finiteness Theorem in this 
setting. Choi [39] has an alternate approach to the proof. 

7. Geometric Applications 

In the remaining sections we will collect some of the major applica- 
tions and consequences of the solution of Marden's Tameness Conjec- 
ture. 

Geometric tameness gives one strong control on the geometry of 
ends. One manifestation of this control is a minimum principle for 
superharmonic functions which Thurston [101J established for geomet- 
rically tame hyperbolic 3-manifolds with incompressible boundary and 
Canary [29] generalized to the setting of topologically tame hyperbolic 
3-manifolds. Given the Tameness Theorem one need only require that 
our manifold have finitely generated fundamental group. 

Theorem 7.1. (Thurston [101] , Canary [29] ) Let N be a hyperbolic 3- 
manifold with finitely generated fundamental group. If h : N — >■ (0, oo) 
is a positive superharmonic function, i.e. div(grad h) > 0, then 

mf C (N)h = mi dC (N)h. 
In particular, if C(N) = N, then h is constant. 

The main idea of the proof here is to consider the flow generated 
by — grad h, i.e. the flow in the direction of maximal decrease. The 
fact that h is superharmonic guarantees that this flow is volume non- 
decreasing. The fact that h is positive guarantees that the flow moves 
more and more slowly as one progress. Neighborhoods of radius one 
of our simplicial hyperbolic surfaces have bounded volume, so act as 
narrows for the flow. It follows that almost every flow line starting 
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in C(N) must exit the convex core through its boundary, rather than 
flowing out one of the simply degenerate ends. 

One of the most important applications of this minimum principle 
is a solution of Ahlfors' Measure Conjecture. Ahlfors [I] proved that 
a limit set of a geometrically finite hyperbolic 3-manifold either has 
measure zero or is the entire Riemann sphere. He conjectured that 
this would hold for all hyperbolic 3-manifolds with finitely generated 
fundamental group. 

Corollary 7.2. If N = EI 3 /r is a hyperbolic 3-manifold with finitely 
generated fundamental group, then either A(T) has measure zero in C 
or A(r) = C. Moreover, if A(T) = C then T acts ergodically on C, i.e. 
if A C C is measurable and V -invariant, then A has either measure 
zero or full measure. 

The proof of this corollary follows the same outline as Ahlfors' orig- 
inal proof. We suppose that A(T) ^ C and has positive measure and 
consider the harmonic function h : H 3 — > (0, 1) given by letting h(x) be 
the proportion of geodesic rays emanating from x which end at points 
in the limit set A(r). The function h is T-invariant, so descends to a 
harmonic function h : N — y (0, 1). It is clear that h < ^ on N — C(N), 
so the minimum principle applied to 1 — h implies that h < | on all 
of N. Therefore, ft < ^ on H 3 . On the other hand, as x approaches 
a point of density of A(T) along a geodesic, it is clear that h(x) must 
approach 1, so we have achieved a contradiction. (To establish the 
ergodicity of the action in the case that A(T) = C, one assumes that A 
is a r-invariant set which has neither full or zero measure and studies 
the function h which is the proportion of rays emanating from a point 
which end in A.) 

Another immediate consequence of this minimum principle is a char- 
acterization of which hyperbolic 3-manifolds admit non-constant posi- 
tive superharmonic functions. 

Corollary 7.3. Let N = M. 3 /T be a hyperbolic 3-manifold with finitely 
generated fundamental group. The manifold N is strongly parabolic 
(i.e. admits no non- constant positive superharmonic functions) if and 
only z/A(r) = C. 

Sullivan [97] showed that the geodesic flow of N is ergodic if and only 
if it admits a (positive) Green's function, so one can also completely 
characterize when the geodesic flow of N is ergodic. 



MARDEN'S TAMENESS CONJECTURE 



13 



Corollary 7.4. Let N = HP/T be a hyperbolic 3-manifold with finitely 
generated fundamental group. The geodesic flow of N is ergodic if and 
only i/A(r) =C. 

Another collection of geometric applications of topological tameness 
involve the Hausdorff dimension of the limit set and the bottom of the 
spectrum of the Laplacian. Patterson [83] and Sullivan [99] showed that 
there are deep relationships between these two quantities. In particular, 
they showed that if N — EI 3 /r is geometrically finite, then 

A (AO = £(A(r))(2-L>(A(r)) 

unless D(A(r) < 1 in which case Ao(A) = 1. Here, D(A(T)) denotes 
the Hausdorff dimension of the limit set and Ao(iV) = inf spec(— div(grad)) 
is the bottom of the spectrum of the Laplacian. 

Sullivan [99] and Tukia |105] showed that if N is geometrically finite 
and has infinite volume, then Xo(N) > 0. Canary [28] proved that if N 
is topologically tame and geometrically infinite, then Xq(N) = 0. (One 
does this by simply using the simplicial hyperbolic surfaces exiting 
the end to show that the Cheeger constant of a geometrically infinite 
manifold is 0.) 

Theorem 7.5. (Sullivan [99], Tukia [105], Canary [28]) Let N = EP/T 
be a hyperbolic 3-manifold with finitely generated fundamental group. 
Then Xq(N) = if and only if either N has finite volume or is geomet- 
rically infinite. 

Bishop and Jones [11] showed that geometrically infinite hyperbolic 
3-manifolds have limit sets of Hausdorff dimension 2 without making 
use of tameness. Combining all the results we have mentioned one gets 
the following result. 

Corollary 7.6. Let N = HI 3 /T be a hyperbolic 3-manifold with finitely 
generated fundamental group. Then, 

X (N) = D(A(T))(2 - D(A(T)) 

unless D(A(T) < 1 in which case Xo(N) = 1. 

Remark: The Hausdorff dimension of the limit set can only be less 
than 1 if T is a geometrically finite free group and it can only be equal 
to 1 if it is a geometrically finite free group or a surface group which 
is conjugate to a subgroup of P§L 2 (M) (see Braam [IB] , Canary- Taylor 
[37] and Sullivan [97]). 



14 



RICHARD D. CANARY 



Marc Culler, Peter Shalen and their co-authors have engaged in an 
extensive study of the relationship between the topology and the vol- 
ume of a hyperbolic 3-manifold. At the core of this study is a quan- 
titative generalization of the Margulis lemma which they originally 
established for purely hyperbolic, geometrically finite, free groups of 
rank two (and their limits) in |4lJ and generalized to free groups of 
all ranks in [7]. The Tameness Theorem (and the Density Theorem 
which we will discuss later) allows us to remove the tameness and the 
hyperbolicity assumptions. 

Theorem 7.7. (Anderson- Canary- Culler- Shalen [7J) Let T be a Kleinian 
group freely generated by elements {71, . . . ,7*.}. If z G EI 3 ; then 

V 1 < 1 

I _j_ e d(zr/i(z)) — 2' 

In particular there is some i e {1, . . . , k} such that 

d{z,ji{z)) > log(2A;-l). 

Culler and Shalen have an extensive body of work making use of the 
above estimate to obtain volume estimates. 

In some cases, the Tameness Theorem yields immediate improve- 
ments of the results in this program. For example, in the following 
result one originally also had to assume that every 3-generator sub- 
group of 7i"i(M) is topologically tame. 

Theorem 7.8. (Anderson-Canary-Culler-Shalen [7]) If N is a closed 
hyperbolic 3-manifold such that every 3-generator subgroup of tti(N) is 
free, then the volume of N is at least 3.08. 

As another example of the type of results that Culler and Shalen 
obtain, we state one of their recent theorems, whose proof makes use 
of the above estimate and the Tameness Theorem. 

Theorem 7.9. (Culler-Shalen |42J) If N is a closed hyperbolic 3-manifold 
and Hi(M, Z2) > 8, then the volume of N is at least 3.08. 

8. Group-theoretic applications 

The resolution of Marden's Tameness Conjecture allows one to im- 
prove many previous results concerning group-theoretic properties of 
hyperbolic 3-manifolds. The main tool here is a corollary of the Cover- 
ing Theorem which allows one to completely characterize geometrically 
infinite covers of a finite volume hyperbolic 3-manifold. The applica- 
tions will be to the finitely generated intersection property, separability 
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properties of subgroups of Kleinian groups, the pro-normal topology 
on a Kleinian group and to commensurators of subgroups of Kleinian 
groups. 

The Covering Theorem produces restrictions on how a hyperbolic 
3-manifold with a simply degenerate end can cover another hyperbolic 
3-manifold. It was proved in the case that the covering manifold is ge- 
ometrically tame with incompressible boundary by Thurston [101] and 
in the case where the covering manifold is allowed to be topologically 
tame by Canary |31j . (For versions where the base space is allowed to 
be an orbifold, see Agol [1J and Canary-Leininger |34J.) 

Covering Theorem: (Thurston |101| . Canary [31]) Let N be a hyper- 
bolic 3-manifold with finitely generated fundamental group which covers 
another hyperbolic 3-manifold N by a local isometry p : N — » N. If E 
is a geometrically infinite end of N then either 

a) E has a neighborhood U such that p is finite-to-one on U, or 

b) N has finite volume and has a finite cover N' which fibers over 
the circle such that if N$ denotes the cover of N' associated to the fiber 
subgroup then N is finitely covered by N$. Moreover, if N ^ Ns, then 
N is homeomorphic to the interior of a twisted I-bundle which is doubly 
covered by Ns- 

Remark: The statement above assumes that N has no cusps. If N 
is allowed to have cusps, then one must consider ends of N°, which is 
N with the cuspidal portions of its thin part removed. One can define 
simply degenerate and geometrically infinite ends in this context and 
the statement is essentially the same. 

In the case that iV = H 3 /T is a finite volume hyperbolic 3-manifold, 
we see that all geometrically infinite, finitely generated subgroups of 
T are associated to fibre subgroups of finite covers of N which fiber 
over the circle. A subgroup T of T is said to be a virtual fiber subgroup 
if there exist finite index subgroups T of T and r of T such that 
Nq = lHI 3 /To fibers over the circle and T corresponds to the fiber 
subgroup. Corollary 18. II is the key tool in many of the group-theoretic 
applications of Marden's Tameness Conjecture. 

Corollary 8.1. If N = H 3 /r is a finite volume hyperbolic 3-manifold 
and r is a finitely generated subgroup ofY, then T is either geometri- 
cally finite or a virtual fiber subgroup. 

Thurston (see [30J for a proof) had earlier proved, using Ahlfors' 
Finiteness Theorem [5] , that a cover of an infinite- volume geometrically 
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finite hyperbolic 3-manifold is geometrically finite if it has finitely gen- 
erated fundamental group. More generally, one may use the covering 
theorem to completely describe exactly which covers of a hyperbolic 3- 
manifold with finitely generated fundamental group are geometrically 
finite (see [31]). 

Corollary 18.11 is related to a question of Thurston. 

Question 8.2. (Thurston) Does every finite volume hyperbolic 3-manifold 
admit a finite cover which fibers over the circle ? 

Ian Agol [2j has recently established that large classes of finite volume 
hyperbolic 3-manifolds have finite covers which fiber over the circle. 
In particular, manifold covers of reflection orbifolds and arithmetic 
hyperbolic orbifolds defined by a quadratic form are covered by his 
methods. 

We first focus on the finitely generated intersection property. A 
group G is said to have the finitely generated intersection property if 
whenever H and H' are finitely generated subgroups of G, then HnH' 
is finitely generated. Susskind [100J proved that the intersection of two 
geometrically finite subgroups of a Kleinian group is geometrically fi- 
nite. In combination with Thurston's proof that any finitely generated 
subgroup of a co-infinite volume geometrically finite Kleinian group 
is geometrically finite, this establishes that co-infinite volume geomet- 
rically finite Kleinian groups have the finitely generated intersection 
property. If we combine this with Thurston's Hyperbolization Theo- 
rem for Haken 3-manifolds we obtain the following theorem of Hempel: 

Theorem 8.3. (Hempel [50]) Let M be a compact, atoroidal, irre- 
ducible 3-manifold with a non-toroidal boundary component. Then 
7Ti(M) has the finitely generated intersection property. 

It is well-known, see Jaco [S3] for example, that hyperbolic 3-manifolds 
which fiber over the circle do not have the finitely generated intersec- 
tion property. However, combining Susskind's result with Corollary 
18.11 we see that finite volume hyperbolic 3-manifolds have the finitely 
generated intersection property if and only if they do not have a finite 
cover which fibers over the circle. Again, combining with the resolution 
of Thurston's Geometrization Conjecture, we get the following purely 
topological statement. 

Theorem 8.4. Let M be a compact, atoroidal, irreducible 3-manifold 
whose fundamental group is not virtually abelian. Then vri(M) has the 
finitely generated intersection property if and only if M does not have 
a finite cover which fibers over the circle. 
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Remark: See Soma [95] for a discussion of the finitely generated 
intersection property for geometric manifolds which are not hyperbolic. 

There are also a number of applications of Marden's Tameness Con- 
jecture to separability properties of fundamental groups of hyperbolic 
3-manifolds. If G is a group, and H a subgroup of G, then H is said 
to be separable in G if for every g e G \ H , there is a subgroup K 
of finite index in G such that H C K but g ^ K. G is said to be 
LERF if every finitely generated subgroup is separable. This condition 
is a strengthening of residual finiteness as a group is residually finite 
if and only if the trivial subgroup is separable. The main motivation 
for studying this property comes from low- dimensional topology. If the 
fundamental group of an irreducible 3-manifold contains a separable 
surface subgroup, then one can find a finite cover which contains an 
embedded incompressible surface and hence is Haken. 

Scott [901 E] showed that all Seifert fibered manifolds have LERF 
fundamental groups. However, Rubinstein and Wang |88j showed that 
there are graph manifolds whose fundamental groups are not LERF 
(and in fact contain surface subgroups which are not separable.) 

A Kleinian group G is said to be GFERF if all geometrically finite 
subgroups are separable. Since virtually fibered subgroups are easily 
seen to be separable, Corollary 18.11 implies that all GFERF Kleinian 
groups are in fact LERF. Many examples of Kleinian groups are known 
to be GRERF, and hence LERF. Gitik [15] proved that fundamental 
groups of a large class of infinite volume hyperbolic 3-manifolds are 
LERF and also produced large classes of closed hyperbolic 3-manifolds 
which are GFERF. Wise |107] exhibited a class of non-postively curved 
2-complexes whose fundamental groups are separable for all quasicon- 
vex subgroups. As one example, he shows that the fundamental group 
of the figure eight knot complement (which is hyperbolic) is GFERF. 
Agol, Long and Reid [3] showed that the Bianchi groups PSL(2, Od) 
are GFERF. As a consequence they show that there are infinitely many 
hyperbolic links in S 3 whose fundamental group are GFERF, e.g. the 
figure eight knot and the Borromean rings. They also give examples of 
closed hyperbolic 3-manifolds whose fundamental groups are GFERF, 
e.g. the Seifert- Weber dodecahedral space. 

Glasner, Souto and Storm [UJ applied the solution of Marden's 
Tameness Conjecture and the Covering Theorem to the pro-normal 
topology on fundamental groups of finite volume hyperbolic 3-manifolds. 
We refer the reader to [UJ for the definition of the pro-normal topology 
on the group. However, we recall that a subgroup is open if and only 
if it contains a non-trivial normal subgroup and it is closed if and only 
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if it is an intersection of open subgroups. The pro-normal topology 
is not always defined, so they must also establish that the pro-normal 
topology is well-defined. 

Theorem 8.5. ( Glasner-Souto- Storm [17] ) Let N be a finite volume hy- 
perbolic 3-manifold. The pro-normal topology on iti(N) is well-defined 
and every finitely generated subgroup H ofni(N) is closed in this topol- 
ogy. Moreover, if H has infinite index in tti(N), then it is the inter- 
section of open subgroups strictly containing H . 

We say that a subgroup if of a group G is maximal if it is not 
strictly contained in a proper subgroup of G. It is clear, for example, 
that any subgroup of index 2 is maximal. Margulis and Soifer [66] 
proved that every finitely generated linear group which is not virtually 
solvable contains a maximal subgroup of infinite index. It is natural to 
ask whether such a such a subgroup can be can be finitely generated. 

A subgroup is called pro-dense if it is dense in the pro-normal topol- 
ogy and Gelander and Glasner [36] have established a result guarantee- 
ing that fundamental groups of hyperbolic 3-manifolds admit pro-dense 
subgroups. 

As a corollary of Theorem [831 Glasner, Souto and Storm showed that 
all maximal subgroups of infinite index and all pro-dense subgroups are 
infinitely generated. 

Corollary 8.6. (Glasner-Souto-Storm[4?]) Let N be a finite volume 
hyperbolic 3-manifold. If H is a maximal subgroup of infinite index or 
a pro-dense subgroup, then H is infinitely generated. 

Remark: Their results also apply to fundamental groups of finite 
volume hyperbolic orbifolds. 

Alan Reid showed that one can use the Tameness Theorem and 
Corollary 18.11 to characterize when the commensurator of a subgroup 
of the fundamental group of a finite volume hyperbolic 3-manifold has 
finite index in the entire group. We include the proof of Reid's result 
with his kind permission. 

We recall that if if is a subgroup of a group G, then commensurator 
of H in G is defined to be 

ComrriQ^H) = {g E G \ gHg~ 1 is commensurable with H}. 

(We recall that H and J are commensurable subgroups of G if HdJ has 
finite index in both H and J.) Notice that if Go has finite index in G , 
H has finite index in H, and H C Gq, then CommG H C CommcH. 

Theorem 8.7. (Reid) Let M be a finite volume hyperbolic 3-manifold 
and let H be an infinite index, finitely generated subgroup of ni(M). 
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Then Comm ni (M)H has finite index in tti(M) if and only if H is a 
virtual fiber subgroup. 

Proof. First suppose that M = H 3 /r and if is a virtual fiber subgroup 
of T. Then there exist finite index subgroups Hq C H and To C T such 
that the cover M of M associated to T is a finite volume hyperbolic 3- 
manifold which fibers over the circle and H is the subgroup associated 
to the fiber. Since Hq is normal in To, 

r = Commr H C Commrfl . 

If H is not a virtual fiber subgroup, then Corollary 18.11 implies that 
H is geometrically finite. If 7 G CommrH , then H D ^H^ 1 has finite 
index in both H and jHj -1 . It follows that 

A(H n 7^7 _1 ) = A(H) = A(7^7~ 1 ). 

Since A( / yH / -f~ 1 ) = / y(A(H)), we see that A (if) is invariant under 
CommrH, so A(CommrH) C A(H). However, since H has infinite 
index in T, HI 3 /if has infinite volume and A(H) ^ C. Since A(T) = C, 
CommrH must have infinite index in T. □ 

Remark: In fact, one can apply Ahlfors' Finiteness Theorem here to 
see that if H is not a virtual fiber subgroup, then H has finite index in 
Comm-pH. 

9. Simon's Conjecture 

Marden's Tameness Conjecture is clearly closely related to Simon's 
Conjecture on covers of compact 3-manifolds, which we state in a 
slightly simpler form. 

Conjecture 9.1. (Simon [93]) Let M be a compact irreducible 3-manifold 
and let N be a cover of M with finitely generated fundamental group, 
then int(iV) is topologically tame. 

Simon (93] originally proved his conjecture for covers associated to 
peripheral subgroups of the 3-manifold group (i.e. subgroups of the 
image of the fundamental group of a boundary component in the 3- 
manifold.) If one combines Thurston's proof that all covers (with 
finitely generated fundamental group) of a geometrically finite infi- 
nite volume hyperbolic 3-manifold are geometrically finite with his Hy- 
perbolization Theorem for Haken manifolds, then one verifies Simon's 
conjecture for all compact, irreducible, atoroidal 3-manifolds with a 
non-toroidal boundary component. 

The solution of Marden's Tameness Conjecture obviously implies 
Simon's conjecture for all compact hyperbolizable 3-manifolds. Long 
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and Reid pointed out that one can combine this with Simon's work to 
establish Simon's conjecture for all manifolds which admit a geometric 
decomposition. Since their argument has not appeared we will give it 
here. 

Long and Reid's proof that Marden's Conjecture implies Si- 
mon's conjecture for manifolds which admit a geometric de- 
composition: We first suppose that M itself is a geometric manifold. 
If M is hyperbolic, then Simon's Conjecture follows directly from the 
Tameness Theorem. If M has SOL geometry, then M has the finitely 
generated intersection property (see Soma [95J), so Simon's Conjecture 
follows from Theorem 3.7 in Simon [93]. In the remaining cases, M is 
Seifert-fibered. We may clearly assume that vri(M) is infinite. If M 
admits aS 2 x M-structure, then it is finitely covered by S 2 x S 1 and 
Simon's Conjecture is easily verified. In all other cases, M contains an 
immersed incompressible torus. 

Since 7i"i(M) is LERF, we can find a finite cover M of M which 
containes an embedded non-separating torus (see Scott [901 EI]-) Thus, 
M is a union of T 2 x I and M , where M is a compact Seifert fibered 
space with non-empty boundary. Simon's conjecture holds for M , by 
Corollary 3.3 of [93J, since it has a finite cover of the form F x S 1 where 
F is a compact surface, and it clearly holds for T 2 X I. Corollary 3.2 
of [93] then shows that Simon's conjecture holds for M and hence for 
M. 

Since we have established Simon's conjecture for all the pieces in a 
manifold which admits a geometric decomposition, we can again apply 
Corollary 3.2 of Simon [93] to complete the proof for compact irre- 
ducible manifolds which admit a geometric decomposition. 

The recent resolution of Thurston's Geometrization Conjecture then 
allows us to conclude that Simon's Conjecture holds for all compact 
irreducible 3-manifolds. 

Theorem 9.2. Let M be a compact irreducible 3-manifold and let N 
be a cover of M with finitely generated fundamental group, then int(iV) 
is topologically tame. 

10. Classification of hyperbolic 3-manifolds 

In 2003, Brock, Canary and Minsky [751 [21], [22] announced the proof 
of Thurston's Ending Lamination Conjecture for topologically tame 
hyperbolic 3-manifolds. This conjecture gives a complete classification 
up to isometry of topologically tame hyperbolic 3-manifolds in terms 
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of their homeomorphism types and their ending invariants (which en- 
code the asymptotic geometry of their ends.) The Tameness Theorem 
thus implies that we have a complete classification of all hyperbolic 
3-manifolds with finitely generated fundamental group. A complete 
discussion of this classification theorem is outside the scope of this pa- 
per but we will try to give a rough idea of the result. (See Minsky's 
survey paper [71] for a more intensive exposition of the classificatiion 
theorem.) 

Let N be a hyperbolic 3-manifold with finitely generated fundamen- 
tal group and let C be a compact core for N. We may assume that 
N — C is homeomorphic to dC x (0, oo). For simplicity, we will assume 
in our discussion that N has no cusps. 

If a component S of dC abuts a geometrically finite end of N, then it 
inherits a conformal structure from the corresponding (homeomorphic) 
component S of the conformal boundary and this conformal structure 
is the ending invariant associated to that end. If U is the component of 
N — C(N) bounded by S, then there is a natural map r : U — > dC(N) 
given by taking a point in U to the nearest point on dC(N). If x € U, 
then every point on the geodesic ray beginning at r(x) and passing 
through x is taken to r(x), so this map induces a product structure on 
U. One can check, see Epstein-Marden [33], that U is homeomorphic 
to S x (0, oo) and that the metric on U is bilipschitz to cosh 2 (i) ds 2 + dt 2 
where t is the real coordinate and ds 2 is the Poincare metric on 5. So, 
one sees very precisely that the conformal structure on S encodes the 
geometry of the associated geometrically infinite end. 

If a component S of DC abuts a simply degenerate end of N, then 
there exists a sequence of simplicial hyperbolic surface {f n : S — > N} 
exiting the end. There exists a uniform constant B, such that any 
metric induced on S by a simplicial hyperbolic surface contains a simple 
closed geodesic of length at most B. For all n, let a n be a simple closed 
curve on S which has length at most B in the metric on S induced by 
f n . In this situation, the ending lamination of the end associated to S 
is the "limit" A of the sequence {a n }. 

We may make sense of the limit in two equivalent ways. In the first 
method, we fix a hyperbolic structure on S and let A be the Hausdorff 
limit of the sequence {a*} of geodesic representatives of the a n . This 
limit is a closed set which is a disjoint union of simple geodesies, i.e. a 
geodesic lamination. (To be more precise, we must remove any isolated 
leaves in the resulting lamination, to ensure that it is well-defined.) 
The second method involves considering the curve complex C(S). The 
vertices of the curve complex are isotopy classes of simple closed curves 
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and we say that a collection of vertices spans a simplex if and only if 
they have a collection of disjoint representatives. The curve complex 
is locally infinite, but Masur and Minsky [68] proved that it is Gromov 
hyperbolic. We may then define A to be the point in the Gromov 
boundary which is the limit of the vertices associated to the sequence 
{««}■ 

Bonahon [12] and Thurston |101j proved that the ending lamination 
is well-defined for simply degenerate ends of hyperbolic 3-manifold with 
finitely generated, freely indecomposable fundamental group and Ca- 
nary |29J showed that they can be defined for simply degenerate ends 
of topologically tame hyperbolic 3- manifolds. Klarreich [60J, see also 
Hamenstadt [49], proved that one can identify the Gromov boundary 
of the curve complex with the set of potential ending laminations. 

The ending invariants of N are encoded by the compact core C where 
each boundary component of C is equipped with either a conformal 
structure or an ending lamination. Thurston conjectured that this 
information determined N up to isometry. Brock, Canary and Minsky 
[75] I2"T| [22] proved this conjecture for topologically tame hyperbolic 3- 
manifolds in a proof which builds on earlier work of Masur and Minsky 
[SB"! EH]- The resolution of Marden's Tameness Conjecture gives the 
following: 

Ending Lamination Theorem: A hyperbolic 3-manifold with finitely 
generated fundamental group is determined up to isometry by its ending 
invariants. 

Alternate approaches to this result are given by Bowditch [15], Brock- 
Bromberg-Evans-Souto [20], and Rees [87]. Minsky [73] earlier estab- 
lished the Ending Lamination Theorem for punctured torus groups. 

We remark that one can determine exactly which end invariants arise, 
so this is a complete classification theorem(see Ohshika [SU] for the 
characterization in the case that the fundamental group is freely inde- 
composable.) 

One consequence of the proof of the Ending Lamination Theorem is 
the following common generalization of Mostow [78] and Sullivan's [97] 
rigidity theorems. 

Corollary 10.1. LetG be a finitely generated, torsion-free group which 
is not virtually abelian. If two discrete faithful representations p\ : 
G — > P8L 2 (C) and pi : G — > PSL 2 (C) are conjugate by an orientation- 
preserving homeomorphism <p ofC, then they are quasiconformally con- 
jugate. Moreover, if p is conformal on Q(pi(G)), then p is conformal. 
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11. Deformation Theory of hyperbolic 3-manifolds 

It is natural to consider the space of all (marked) hyperbolic 3- 
manifolds of fixed homotopy type. One may think of this as a 3- 
dimensional generalization of Teichmiiller theory. The Mostow-Prasad 
Rigidity Theorem [7H1 [86] assures us that if a hyperbolic 3-manifold 
TV has finite volume, then any homotopy equivalence of N to another 
hyperbolic 3-manifold is homotopic to an isometry, so we will only con- 
sider the deformation theory of infinite volume hyperbolic manifolds. 

Let M be a compact, atoroidal, irreducible 3-manifold with a non- 
toroidal boundary component. We consider the space AH(M) of (marked) 
hyperbolic 3-manifolds homotopy equivalent to M. Formally, we define 

AH(M) = {p : tti(M) ->■ PSL 2 (C)| p discrete and faithful}/PSL 2 (C). 

The deformation space sits as a subset of the character variety 

X(M) = Fom r (7r 1 (M),PSL 2 (C))//PSL 2 (C) 

where ifom r (7r 1 (M), PSL 2 (C)) denotes the space of discrete faithful 
representations p : 7i"i(M) — > PSL 2 (C) with the property that if g is a 
non-trivial element of a rank two abelian subgroup of 7Ti(M), then p(g) 
is parabolic. An element p G AH(M) gives rise to a pair (N p , h p ) where 
N p = H 3 /p(7Ti(M)) is a hyperbolic 3-manifold and h p : M — > N p is a 
homotopy equivalence. (We could alternatively have defined AH(M) 
to be the set of such pairs up to appropriate equivalence.) 

Marden [65] and Sullivan [98] proved that the interior of AH(M) 
(as a subset of X(M)) consists of geometrically finite representations 
such that p(g) is parabolic if and only if g is a non-trivial element in a 
free abelian subgroup of tti(M) of rank two. The classical deformation 
theory of Kleinian groups tells us that geometrically finite points in 
AH(M) are determined by their homeomorphism type and the confor- 
mal structures on their boundary (see Bers [10J or Canary-McCullough 
[35] for a survey of this theory.) 

To state the parameterization theorem for mt(AH(M)) we need a 
few definitions. We first define A(M) to be the set of oriented, com- 
pact, irreducible, atoroidal (marked) 3-manifolds homotopy equivalent 
to M. More formally, A(M) is the set of pairs (M f , h') where M' is an 
oriented, compact, irreducible, atoroidal 3-manifold and h! : M — >■ M' 
is a homotopy equivalence where two pairs (Mi, hi) and (M 2 , /i 2 ) are 
considered equivalent if there exists an orientation-preserving homeo- 
morphism j : Mi — y Mi such that j o hi is homotopic to /i 2 . We define 
Modo(M') to be the group of isotopy classes of homeomorphisms of 
M' which are homotopic to the identity. We define d^M' to be the 
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non-toroidal components of DM and we let T^jvt^W 7 ) denote the Te- 
ichmiiller space of all (marked) conformal structures on d^M'. 

Theorem 11.1. (Ahlfors, Bers, Kra, Marden, Maskit, Sullivan, Thurston) 

mt(AH(M)) = |J T(d NT M')/Mod {M') 

(M,h')'eA(M) 

In particular, we see that the components of int(AH(M)) are in 
one-to-one correspondence with elements of A(M). Moreover, Maskit 
[67] showed that Mod (M') always acts freely on T^ntM'), so each 
component is a manifold. Although, see McCullough [70], Modo(M') is 
often infinitely generated, so the fundamental group of a component can 
be infinitely generated. However, if iri(M) is freely indecomposable, 
then Mod (M') is trivial for all (M', h!) G A(M), so in this case each 
component is topologically an open ball. 

Bers, Sullivan and Thurston conjectured that AH(M) is the closure 
of its interior. More concretely, this predicts that every hyperbolic 3- 
manifold with finitely generated fundamental group is an (algebraic) 
limit of a sequence of geometrically finite hyperbolic 3-manifolds. The 
Tameness Theorem is a crucial tool in the recent proof of this conjec- 
ture. 

Density Theorem: If M is a compact hyperbolizable 3-manifold, then 
AH(M) is the closure of its interior int(AH(M)) . 

One may derive the Density Theorem from the Tameness Theorem, 
the Ending Lamination Theorem, and convergence results of Thurston 
|102[llU3j . Kleineidam-Souto [SI], Lecuire [53] and Kim-Lecuire-Ohshika 
[35] . Basically, the idea here is to consider the end invariants of a 
given 3-manifold, use the convergence results to construct a hyperbolic 
3-manifold with the given end invariants which arises as a limit of geo- 
metrically finite hyperbolic 3-manifolds. (In the case that the manifold 
is homotopy equivalent to a compression body one must use clever ar- 
guments of Namazi-Souto [79] or Ohshika [82] to verify that our limits 
have the correct ending invariants.) One then applies the Ending Lam- 
ination Theorem to show that our limit and our original manifold are 
the same. 

The other approach makes use of the deformation theory of cone- 
manifolds developed by Hodgson-Kerckhoff [511 [52] and Bromberg [23] . 
Many cases of the Density Theorem were established by Bromberg and 
Brock-Bromberg [18] and their approach was generalized to prove the 
entire theorem by Bromberg and Souto [26]. This approach uses the 
Tameness Theorem but not the Ending Lamination Theorem. 
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Anderson, Canary and McCullough [8] gave a complete enumera- 
tion of the components of the closure of mt(AH(M)) in the case that 
7Ti(M) is freely indecomposable. Given the resolution of the Density 
Conjecture, we now have a complete enumeration of the components 
of AH(M). 

Again, to state the result, we will need more definitions. Given two 
compact irreducible 3-manifolds M\ and M 2 with nonempty incom- 
pressible boundary, a homotopy equivalence h: Mi — > M 2 is a primi- 
tive shuffle equivalence if there exists a finite collection V% of primitive 
solid torus components of E(Mx) and a finite collection V2 of solid 
torus components of E(M 2 ), so that h~ 1 (V 2 ) = V\ and so that h re- 
stricts to an orientation-preserving homeomorphism from the closure 
of Mi — V\ to the closure of M 2 — V 2 . We recall that a solid torus V 
in the characteristic submanifold is said to be primitive if given any 
annulus component A of V fl dM the image of TTi(A) in 7i"i(M) is a 
maximal abelian subgroup. (We refer the reader to Jaco-Shalen [51] or 
Johannson [55] for a discussion of the characteristic submanifold and to 
Canary-McCullough [35] for a discussion of the characteristic subman- 
ifold in the setting of hyperbolizable 3-manifolds.) Primitive shuffle 
equivalence induces a finite-to-one equivalence relation on A(M) and 
we let A(M) denote the quotient. 

Anderson, Canary and McCullough [8] prove that if -K\(M) is freely 
indecomposable, then two components of int(Aff(M)) have intersect- 
ing closure if and only if their associated (marked) homeomorphism 
types differ by a primitive shuffle equivalence. Combining this result 
with the Density Theorem we obtain: 

Theorem 11.2. If M is a compact, hyperbolizable 3-manifold with 
freely indecomposable fundamental group, then the components ofAH(M) 
are in one-to-one correspondence with A(M). 

Canary and McCullough [35] proved that if 7Ti(M) has freely inde- 
composable fundamental group, then A(M) has infinitely many ele- 
ments if and only if M has double trouble. M is said to have double 
trouble if there exist simple closed curves a, f3 and 7 in dM which are 
homotopic in M, but not in dM, and a and lie on non-toroidal bound- 
ary components of M, while 7 lies on a toroidal boundary component. 
(Canary and McCullough [35] give a complete analysis of when A(M) 
is finite in the general case.) So, we obtain the following corollary: 

Corollary 11.3. Let M be a compact, hyperbolizable 3-manifold with 
freely indecomposable fundamental group. Then, AH(M) has infinitely 
many components if and only if M has double trouble. 
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Remark: The author has recently completed a survey article [32J 
on the deformation theory of hyperbolic 3-manifolds which contains a 
more detailed discussion of the topic. 
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